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Abstract
In this paper we classify the algebraic surfaces on
with 4 = 4, p9 = 3 and canonical map of degree d = 3. By
our resu]t atid tIte previous ono of Horikawa (10] we obtain tIte
complete detennination of surfaces with ¡<2 = 4 atid p9 = 3.
Intreductien
TIte aim of this paper is te classif>’ ¡ninimal surfacos Sen C with K
2 = 4,
= 3 and canonical map of degree! = 3. TIto ex15tence of such surfaces
is claimod witItout proof un ¡10] [Soction 2, p. 1101. Lix tIte same papor
Horikawa sItewed that surfaces with Rj = 4 and p
9 = 3 Itave o! = 2,3,4
and he classified tIte casos o! = 2 atid o! = 4. Wo hayo aIread>’ considered
surfacos witIt K~ st 4, p9 = 3 ando! = 3 in [14], but in this article we
adopt a different point of view. We will explicitol>’ censtnict a birational
medol X CE IP
3 of 5 where X is a quintic witIt only a singular point
whicIt is an elliptie Gorenstein singularity of type E
8 (cf. [12] and tIte
flrst soction below).
Main theorem
Let A., = {(io,ií,i2) E Z~jio + 11 + 22 = 5— s,3io + 2i~ + ~2 =6} ano!
lot .4 be tite aublinear ayatem of tite quintica X CE IP
3 initit tite fo¿lowing
oquation:
3
1) X = fr E r3¡>3 >3 a¡a” 0}
s=O ¡eA
8
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mit ere a’~ = 4xQ4x5, a¡ E C ano! (ro, a’1, a’2, X3) is a projoctivo systern
of coerdinatea en IP
3. Titen titere exista an opon set A’ CE A such titat
tite minirnal desingularization of a quintic X E A’ la a rninirnal aurfaco
A?2 — 45 witit , p
9 st 3 ano! canonical rnap of dogree titreo. Reciprocallv
any minirnal aurface 5 mitit K~ = 4, p9 = 3 ano! canonical rnap of degree
¿itreo la obtalneo! in titla way. Moreeyer lot 4. : — IP
2 be tite rational
map inducod by tite projoction frorn (0,0,0,1) E IP3, ano! lot u : 5 — X
be tite dosingularization muy,, titen = 4. o u.
Our thearem implies tItat tIte locus of surfaces with pg = 3, K~=4and
!OYIKSI = o! = 3 is irreducible, unirational and of dirnensien 29 (seo2. 16).
Mereever, togetIter with [10] [Theorom 2.1 and 2.2], it gives a complote
classification of surfaces witIt y,
9 st 3 and A?~ = 4. We alse thinlc tItat
eur peint of viow of considering tIte canonical map via a prejectien frern
olliptic points un sorne nico birational modol X of 5 will shed sorno new
light en tItis subject. Xix fact we hopo te apply this tochnique te irregular
surfacos with o! > 3 a subjoct quite unlcnown: seo section 2 of [3] fer aix
interesting surve>’ and [11] for sorne new results.
lix soction 1 wo recail sorno rosults en efliptic singularities and wo will
provo tItat tIte minimal desingularization of a general quintic X E A is
asurfacowitItp9= 3, A?~st4andd=3. Insection2wewillstud>’the
canonical linear systom of5 and xve will oxplicitol>’ construct a birational
merphism 5 -4 X whero X E A’. 1 wisIt te tItanlc tIte rofereo for Itelpuifl
comments, whicIt led te aix improvoment in tIte arrangernont of this
paper.
1 Quinties with a singular point of type E8
Xix this soction we show that tIte minimal desingularization 8 of a general
X E A (seo tIte statoment of tIte main theorem un tIte introductien)
Itas y,9 =3, K3 = 4 and o! st 3. Wo begin with a general rosult en
olliptic singularities. It is well known (cf. [12], p. 288) tItat uf X is a
normal Goronstoin surfaco and u: 5 X is tIte minimal roselution of aix
ise]atod singularity a’o E X tIten tliere exists aix offective divisor
0o en 5
supported en ¡‘~1(xo) such that cas = ¡‘*(wX)®O (O) atid K3 =
05. Moreover tIte spoctraí soquence HP(X, ~ ~ HP+4i(X, Ox)
implies x(Ox) — p
9(xo) = x(Os) wItere pg(xo) — it
0(X, R1u*Os). In
tIte samo papor we fluid that 0o is an ofliptic curvo with 05 = —1; tIten
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u*(ws) = Mxowx wItoro M~0 is tIte ideal of a’o in X. TItis singularity
is called simple elliptic singularity of t>’pe E8.
Lot A be tIte sublinear systom given b>’ tIte quintics with equation
1).
Frem new en X will be a general eloment ofA. Suppose that (0,0,0,1) E
X is tIte unique sungular point and alse tItat it is an E~- singular point.
TIten x(Os) =4 atid A?~ = 4. We will show tItat o!eg(4.¡K5g) = o! = 3. In
fact, since v*(ws) = M~0wx, we oasily seo that H
0(S,Os(Ks)) Y VV
wItere V CE H0(IP3,O~~(i)) is tIte sublinoar system of tIte Ityperplanes
containing xo. lii particular 4.[K
8[ is inducod b>’ tIte prejectien frern tIte
point (0,0,0,1); it 15 also eas>’ te seo tItat for tIte general X E A the
general straight Une 1 containing x~ intorsocts X un otIter tItree distinct
points. We are led to tIte folíowing rosult:
Lemnia 1.1. If Fo = (0,0,0,1) EX is tite only singular peint of a
general X E A an! if it la of tvpe Es titen tite rninirnal desingulariza-
tion u : S -. X itas tite foflomíng invarianta: y,9 = 3 an! K~ = 4.
Furtitormero tite canonical rnap
4,¡Ks~ itas degree 3.
Pree?. E>’ tIte previous analysis we lcnow that x(Os) = 4, K~ = 4 and
o! = 3. TItus we oní>’ noed te show tItat q(S) = 0; but tItis is tIte contont
of [5]¡prop.5.1]
u
It remaitis te provo that tIte general X e A satisfios tIte conditiotis
of 1.1. TIto proof falis naturail>’ in two parts which correspetid te tIte
twe hypotheses of 1.1.
Lenima 1.2. Let Sing(X) be tite singular iocua of X. If X la a general
elernent ofA titen Sing(X) = {(0,0,O, i)}.
Proaf. Xt is rather obvious that {(0, 0,0, 1)} E Sing(X). Sunco other
singularities impose clesed conditions en A wo need te shew that tItore
exists aix elernent X E A whicIt satisfles tIte clairn. Consider tIte quintic
with tIte fellowing equation:
+ 2~ 4+14 — 32+2½o.+ x
1x2 ~x0x3 x1x3 x0x3
Obviously Sing(X) = {F = OF = ~, ~ = 0, 1,2, 3} atid aix easy compu-
tation shows that (0,0,0,1) is tIte unique solutien. u
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We recail new tIte following doscription of tIte points of type Es:
Lemma 1.3. Tite point Poe X la an E8-point if an! only if noar toP0
tite normal Goronatein sur-face X ja bir-egular te tite sur-face of ~
given by tite folleming equatien:
2) x
2+y3+g(y,z)=0
mitere g la a nonzere linear cernbinatien of rnonernials ~ mitit a > 4
an! za mitit a >6
Proof. Seo [12] fprop. 2.9].
u
Remarkl.4. Lot (0, 0,0)=Poc44~,~>, 0Th,c~ def 0, and x2+y3 +
yA +z6it(x,y,z) = f EV wItere it eV and it(0,0,0,) !=0.It 15 oasy
te cIteclc that P is a point of typo As for tIte germ givon by f.
Wo can new provo tIte final lernrna of tItis soction:
Lemma 1.5. Lot X be a general olernont of .4. Titen tite point Fo =
(0,0,0, 1) E X la an E~ singularity
TIte problem is locaL We set st 0. Lot X = {F = 0> as un tIte
statornent of tIte main tIteorom. Wo censider affine coordinatos a’ —
= a z = and we = TIte basic ideaput fo(x,y,z) F(x,y,z, 1).
of tIte proof is te talco succossivo “reduction” of fo c O te obtain tIte
f E O of 1.4.
Wo wish te arrango tIte rnonemials of fo according te tIte eccurrenco
of a’y2, a’2, ¿, yz4 un it. First we group all moixorniala which are divisible
b>’ xy2, tIten, among tIte remaining enes, those divisible b>’ a’2, atid so
en b>’ y3, y2?, xyz atid flnallyr by a’?. In ethor words we can write:
fo(x, y, z) = moxy2 + pox2 + qoy3 + r0y2z2 + soxyz + t~xz3 + uoyz4
where uo,to,so,ro,qo,po,rno EC[x,y,z] atid tIte>’ do not vanish at
(0,0, 0). Weconsider¿
1 :V~0 given by a’í =
Yi = y atid z~ = z. We denote lí(a’í,yí,zí) st E[’lo(x,y,z) for over>’
tui ni? S
l~ E C[x,y,zl]. Ifweput: Fi =rí—4, 2 1, ql =
u1 = — = —~ tIten we obtain:
1 2 —3 —22 ----- 4¿[ fo = fi = pía’í + qué + riy1z1 + u~y~zí + t14.
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We apply this argument again. We censider tIte autornorpItism: &
O~Ogivenby: x2=xl,y2yí+~z?,z2=z1. Wodeflno
12(x2,y2,z2) = Ej’lí(xí,yi,zi) for ever>’ 11 E C[xí,yi,zíl]. Wo set
y, = ¿~? api, q = ¿ff
1jj, u = — ~, t = + 2—~ — tIten
EVfí = A = px~ + q~,4 + Uy24 + t4.
We rocalí that wo are working en aix opon set of .4 wItore wo can talco
a feurth root of u; tIten threugh ¿a : 5 —4 5, X3 = p2x2, Y3 = q3Y2,
1 1
= qflu4z2 we ebtain:
1 2 3¿~ A = f = x
3+ y~ +ya4 + a(xa,y~,z~)4
whore a E O atid a(0, 0,0) # O whicIt, b>’ 1.4, is tIte dosired cenclusien.
u
2 Minimal surfaces with K
2 4, ¡9 = 3 and
d 3 as minimal madeis of quintics with a
unique singular point
Frorn new en 5 will be a minimal surface with y,g — 3 1<2 — 4 ando! = 3.
Moreever h>’ [5][prop. 5.1] we bayo that q(S) = 0. In this soction wo will
prove that tItero oxists a birational morphism 4.IKs+oo¡ : 5 -4 X CE IP3
wItich contracts 0o where 0o is an olliptie curvo witIt og = —1 and X
is a quintic un A. We start witb a lomma en tIto canonical map 4.¡xsi of
5.
Lemma 2.1. The canonical linear aystern 1 Ks ¡ is wititout fixed part
an! it has a unique base point 1’.
Proef. Lot Ks 1= Z-i- M where Z aud M are rospoctivol>’ tIte
fixed part atid tIte mobile part of ¡ . Let a : 5 — 5 be a minimal
resolutien of tIte base points of 4.IKs¡ = atid lot L be tIte mobile
part of 1 atM ¡. Wo flrst show tItat Z = 0. lix fact sinco d = 3 and
= 3 tIten M2> L2 — 3 Suncos is of general type tIten KsZ =O and
since M is inobilo tIten MZ > O. 13>’
4 = 4,—M2+(M+Ks)Z=3+(M+KS)Z>3
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wo Itave (M + Kg)Z =1. We need te consider: (M + Kg)Z = 1 or
(M+Ks)Z0.
If (M +Kg)Z = 1 tIten A?sZ = 1 atid MZ = O or KgZ = O and
MZ = L If KsZ = 1 and MZ = O tIten Z2 = 1 atid it 15 irnpossible,
since Z2K2 < (ZA?)2 by tIte Hedge indox tIteorein. If A?gZ = O and
MZ = 1 tIten Kg is not a 2-connocted divisor contrar>’ te [2] [lomma 1].
Xf (M +Ks)Z = O tItenMZ = O and KgZ = O and by [2] [lemma 1]
we hayo Z =0. Since Z stO tIten Kg = M. In particular A’12 =4 and
tIte argurnont of [8][p. 45-46] yiolds tIte claim.
u
We Itave shown un 2.1 that ¡ J Itas a simple baso point P. Lot
a : 5 — 3 be tIte blowing up of P, E — a1(P) and L tIte moMIo part
of ¡ «*KS ¡. In particular «*KS L+E atid sunco KA =1 «*Kg +E we
hayo ¡ j~¡ L 1 +2E. Mereover L ¡ defines a morpbism 4.JLJ : 3 -4 IP2
sucIt tItat = 4.~Ks¡ oa. In tIte next lemma (seo also [14]) we will fitid
en 5 a poncil ¡ E’ 1 of non-Ityperelliptic curves of gonus 3 and an effoctivo
divisor O sucIt that Kg O + E’ whoro O = or~G atid E’ st artE’. TIto
taslc will be te undorstand tIte structuro of O (seo 2.15).
Lemma 2.2. Titore exists a point x of IP2 sucit titat tite divisora L~ of
tite aublinear system A CE L induce! by ¿he linos containing a’ itave tite
follomving forrn:
L±~G+F,
mitere O la tite fixod pan of A, 4.jLr(G) = a’ ano! F la a poncil of
curyes of genus 3 witit a simple base peint Q. Fartitermore Q 4 E an!
tite follewing nurnerical identitios italo!:
(i)L00,LE’=3,FOr2,É2—lan!62-- 2.
(ñ)Or=í,E’E=o.
Proef. We flrst show tItat:
R.emark 2.3. LE = 1 atid 4.ILI (E) is a lino un IP2.
Proef. Sunco at(Kg)E st 0, a~Kg = L + E atid E2 ——1 wo obtain
O = (L + E)E = LE + (—1), that is LE = 1. On the other Itand sinco
E ¡ is base point free uf 4.IL;(E) is a point tIten LE = 0. Moroever
4.ILI¡n : E —. 4.¡L¡ (E) Itas degree 1. Xn particular 4.~L¡(E) is a lino.
u
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We will appíy tIte following claiin te tIte special point x E IP2 wItoso
existence is asserted un 2.2.
Claim. Lot y be a peint of IP2. Lot A, be the sublinear system inducod
en S b>’ tIte Unes containing y atid let E, O be rospectivel>’ tIte mobile
part atid tIte fixod part. IfO # O tIten LO = O and LE’ 3. In particular
ERG.
Proof of tite clairn
Wo rocail that on 5 thero is not an infinito famil>’ of rational curves sunco
S is of general type. In particular sunco 4.[L¡ (E) is a lino tIten LE’ > 2 and
tIte general eloment of tIte poncil ¡ E ¡ is irreducible. Qn tIte etIter Itand
3 — L2 = LE’ + LO thus 2 =LE’ =3, sunco LD > O for over>’ offective
divisor D en 5. We can exclude tIte case LE’ = 2. In fact by tIte theerern
ofBertii tIte general L is irreducible thus uf LE’ = 2 tIten LG = 1. Lot
be a general point of IP2. Since deg(~¡L~) = 3 tIten 4.jj4(z) = {zL, z~, za}
wItere z¿ ~ zj uf 1 ~ j. Lot l~ be tIte lino containing y and z. Obviousl>’
tItore exists F
2 Ej E ¡ sucIt tItat
4.iM1~’~ = O + ¡‘~ and 4.ILI induces
a deuble coyer E’
2 -4 1~,,~. Since 4.j~1y,z = supp(G + E±)there exist
E {1,2,3} sucItthat z¿ E O: a centradictien sunco z 15 a general point
of IP
2. Hence LE’ = 3 and LO = 0. Moreover since LE = 1 tIten E j< O
and tItis preves our clairn.
Wo turn to tIte proef of 2.2. Assurno for a wItilo that wo can prove
tIte existence of an irreducible roducod effoctive divisor O of 5 such tItat
4.ILI(O) = a’ is a point atid OE> O. In this case tIte lomrna 15 a cense-
quenco of Hodge index theorom and sorne Cas>’ numorical conditions. In
fact if A is tIte sublinear s>’stem of 1 L ¡ induced b>’ tIte linos centaining
tIten by our assumption tIte fixed part O of A is a non-zoro effective
divisor atid O -< O. Hence by tIte claim LO = O atid LP = 3 where E
is tIte mobie part of A. Furthermore sunco E 1< 0 and £0 > O tIten
Ea > 0. Qn tIte other hand since tIte general element of E is irre-
ducible tIten FE =0. 13y 2.3 wo hayo 1 = LE = GE + FE> tE > O
tIten ECl = 1 and EF = O. We recalí tItat K~ L + 2£. B>’ tIte genus
fermula 2p
6(F) —2 — E
2 + KtE = + L~’ = P~ + 3, tIten f’2 is odd.
Wo colloct nil those results un tIte fellowing system:
t áÉ+12—Lr=30=0, E’2 =2k+1, EG=tEE’=0.
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If FO = O tIten fr2 — 3 ¿2 — O atid by Hedge mdcx theorem O is
numericail>’ equivalent te 0: a contradiction since £0 = 1. Xf FO > 1
thus 1 <E’2 <2. llencek=OanditiseasytoseetItatÉ2.— 1 GF=2
and 02 — 2. In particular F ¡ is a poncil of curves of genus 3 with
a simple baso peint Q. Sunco tIte general olement of 1 is irreducible
tIten it is also srnooth atid b>’ tIte gonus fermula, E’ is of genus 3. Finalí>’
1 is non-Ityporolliptic. In fact Kp = (KA + E’)p atid ¡ ¡ cuts en E’ a
g~ which is a sublinoar system of tIte canonical system ¡ K~
Te comploto tIte proof of 2.2 it remaitis te show tItat tItoro exists
an irreducible reducod offoctivo divisor O of 5 such tItat 4.JLÍ(C) = a’
a pomt and OF > 0. We will use some ceItemolegical results that wo
celloct un tIte following romarlc.
Rernark 2.4. i) it0(S. OÑ(2L)) = 6 atid h1(S, OÑ(2L)) = 1.
II) it0(S, OÑ(2L + E)) = 7 and it’(S, OÑ(2L + E)) = 0.
zzí) h0(S, OA(3L)) = 10.
Proof of tite rernark
i). Notice that it0(S,VÑ(2L)) =it0(F2,V~
2(2)) = 6.
We new prove that h
0(S,Ot(2L)) =6. ~>‘ [¡10]p.109] tIte general L is
a non-liyporelliptic curve of genus 5. From 2.3 tIte general L intersects
E un ene point: ~L = L fl E.
13>’ adjunction WL = (2L + 2E)¡L = 2Ljt + 2~L and tIterefore
it0(L, VL(WL—2PL) = 3. Qur assortion follows new by tIte 0-cohomolegy
of tIte sequence O —* VÑ(L) -4 Vs(2L) —~ VL(WL — 2PL) 4 0. Finalí>’
b>’ Serro dualit>’ it2(S, VÑ(2L)) = O sinco (KA — 2L)L —1. TIten frs’
Riemann-RocIt theorem it follows that it’(S, OÑ(2L)) = 1.
u). 13>’ Rarnaixujam vanisIting tIteorem 10(5, Vg(2Ks)) = O atid by
Riornann-Rocb formula we hayo it0(S,Os(2Ks)) = 8. Since a*2Ks
2L+2E tIten h0(S, OÑ(2L+E)) = 7 if and oní>’ uf tIte bicanonical s>’stom
¡ 2Kg ¡ is baso peint freo and this is a lcnewn rosult [4][Thoor. 4.1]. It is
new easy te seo tItat it’(S, OA(2L + E)) = O.
ni) From 2.3 we know that 4.IL¡(E) is a lino, tIten thore exists an
effective divisor 0o such that (tIL¡)t(4.¡L¡(E)) = E+Co = L
0 EJ L . We
need te study Oo. Sunco 1 = LE = (E+Oo)E = —í+CoE tIten CoE = 2
and from 3= L
2 — (E + Co)L st 1+ 0
0L = 1+ OoE + o3= 3 ±0~
wo obtain C¿ = 0. Sunco Kg ¡ is 2-connocted tIten
0o is a 1-connoctod
effectivo divisor. Moreevor b>’ tIte genus fermula pa(Co) = 4.
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We notico new tItat 3L100 = (L + 2E +
200)ico = cac
0 + oo~,0 wItere
wc0 is tIte dualizing shoaf of
0o• Consider tIte two soquoncos:
0 * OÑ(2L) O&(3L) — OL(3L) O
and
0 0SQ~ + E) OÑ(3L) W<
0 + OO¡<,0 4 0.
By tIte preof of i) wo knew that g(L) = 5 tIten it
0 (L,OL(3L)) = 5.
Henco b>’ 1) and tIte cohemolegy of tIte flrst sequence we obtain 10 <
h0(S, OA(3L)) < 11. New we arguo by centradictien. Suppese tItat
h0(S,O&(3L)) = 11. TIten b>’ Ii) and tIte socend sequence we ob-
tain it0(Oo, (0c
0(wc<, + Co)) = 4. TIten by Riemann-RocIt tIteorom
it follows it’(Oo, (Oc0(caco + Co)) = 1. 13>’ Seno dua]ity we obtain
it’(Oo, (Oco(wc1, + Co)) = it
0(Oo, (0c
0(—Oo)) = 1. It is also easy te see
that deg(Oc1 (—Oc)) = O for oacIt cemponent Ci -<
0o• Hence by [1] 12.2
wo Itavo 0o~ = 0c
0~ Qn tIto otIter Itatid q(S) — O h
0(Oo, Oc
0) = 1 tIten
by tIte O-cohernology of tIte soquence 0 — <~~(oo) — Vc0(Oo) —
O it weuld be it
0(S, OA(Oo)) = 2: a contradiction. 17h15 preves 2.4.
u
We continuo discnssing 2.2 atid we mantain tIte notatiotis introduced
in tIte proof of 2.4 iii). Wo argue by contradictien. Lot us suppose tItat
thero exists no irreducible reducod offectivo divisor O of 5 such tItat
4.¡LI(O) = a’ 15 a point and CE> 0.
Sunco ECo = 2, we can talco a point z E E fl H. TIten wo tako
an irreducible reduced componont H of 0o cantaining z, whicIt, frem
our assumption, veriflos 4.LL¡(E) = 4.~LI(~). We set fi = 0o \ JI. Let
A be tIte sublinoar s>’stem induced en 3 by tIte linos in IP2 contain-
ing 4.IL¡(z) = £. We considor C E H0(S,OÑ(E)), it E
it E HO(S,OÑ(H%); tIten hh’ st co whero diy(co) = 0o• Lot <xo,xl,x2>
be a basis of 110(IP2,Op2(1)), where ~ = {xo = a’
1 = O} atid 4.~n¡(E) =
{xo = 0}. We set >1 = 4.rLj(a’i) = a’¡ o 4.~¡,¡, tIten <Xo,Xí> is a ha-
sis of A, Xo(z) = Xí(z) = O atid Xo = CM’. 13>’ 2.4 i) we hayo
H
0(S,OA(2L)) = tjJ,IH0 (IP2, Vpr42))). 13>’ 2.4 u) and tw tIte inclu-
sien H0(S,OA(2L)) ~$H0(S, OÑ(2L + E)) thore exists 4, sucIt that
fi0(S,OÑ(2L + E)) = <(H0(S,OÉ(2L))) e 4’C. Wo censider new
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tIte inclusion H0(S, OÑ(2L + E)) ®=P ,I0(& OÑ(3L)). ~>‘ 2.4
iii) it fellows H0(S,OÑ(3L)) = 4.tL¡H0(FtOrd3))). In particu-
lar <X¿X~X~’ j 1 + j + k = 3> is a basis of H0(S, OÑ(3L)) and sunco
hh’i,b E H0(S, O~(3L)) tItere is a linear combination with ceefficients in
c
a) ‘¿‘¿‘4, = >3CIjkX¿XIX4
where 1 + j + lv = 3. Wo rocafl that Xo = <‘¿it’. Obviously it deos not
diyide neitIter X
1 nor X2. Moreovor b>’ dofinition Xí(z) = h(z) = O and
X2(z) !=O. We evaluate a) un z and we seo tItat aooaX~(z) = O that is
a003 = O. TIten it E aojkXf 4 where j + lv = 3. Evaluating agamn m
z wo ebtain ao1~ = O and it ¡ aoaoXí +acy=1X2.We repeat once more tIte
argurnont and it yelds ao~ = aoao = 0. TItis imples tItat Xo ¡ hit’tp; but
Xo = <‘¿it’ tIten ( ¡ ~ or, un otItor words, 4’ comes frem H
0(S, Ot(2L))
wIticIt is tIte dosfrod contradictien. TItis preves 2.2.
u
We turn te eur surface 5 atid we rocail that O = a~O and E’ = a~F.
We will seo tItat E’ is a poncil of curvos of genus 3 with a simple
base point 1” ~ P, O is reducible and it Itas a component 0o contained
in a fibro E’
0 E¡ E’ such that P, P’supp(Oo) and pg(Go) = 1, tItese
conditions will impí>’ tIte theororn. We noed sorne lenunas.
Lemma 2.5. We use tite notation of 2.2. tVe denoto O =
E’=a~(E’). Titen A?sEO+E’ ano!
(j) E’
2 1 02 = —1, FO = 2, ano! P E supp(G);
(ji) ¡ E’ ¡ ja a genus-3 pendí mitit a simple base point 1” = a(Q).
Moreover P’ # E;
(jjj) O ja a 1-connecteel effective divisor mith KsO = 1 ano! pa(O) = 1.
Proal’. (j). From 2.2 u) wo seo that «*(E’) = E’ atid a*(G) 5 + E.
TIten b>’ 2.21) wo have E’2 — E2 1 02 («*(O))2 — (G+E)2 — ¿2+
2GE+E2— 2+2-1=—tE’O=F(G+E)=FG+FE=2+O=2.
13>’ 2.2 II) (3£ = 1 aud sinco E = a1(P) wo seo that P E supp(O).
(jj). Frorn 2.2 wo knew tbat ¡ E is a poncil of nen-Ityporolliptic
curvos of genus 3 witIt a simple base point Q ~ E. TIten P’ aQ~) #
E = «(E).
(jjj). Lot O = 0o + 01 be a decomposition of O unto two offective
non-zoro divisor such that 0o0í = O atid EGo = 2 — 1,FOí=iwhere
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0<1< L Wosot Ao=E’+GoandAi=Oí. TItusXs~Ao+Ai and
AoAí = 1; a contradictien sunco Kg is 2-connocted. Moreover 1<s0 =
E’O±02=2 1 = 1 and b>’ tIte gonus formula we Itavo pa(O) = 1.
u
Cerallary 2,6. (a) it0(S,Os(F)) = 2, ‘¿‘(S,Os(E’)) st O ami
‘¿2(S,Os(E’)) = 1
(b) ‘¿0(5,Os(2E’)) 3 ano! ‘¿‘(3, Os(2E’)) — it2(S, Os(2E’)) O
Preef. a). Ftorn 2.5 we Itave Kg = E’ + O atid by Serre duality
‘¿2(3,Os(E’)) = ‘¿0(3, Os(O)) = 1. It is new easy te seo tbat a) fol-
lows from 2.5 jj) and Riemann-RecIt thoorem.
b). We recail that tIte general eloment E’ of j E’ ¡ is a ixon-Ityperelliptic
curve of genus 3 and E’jp = P’. In particular ‘¿0(E’, OF(2P )) = 1 fer tIte
general E’. Xt is eas>’ te seo that h0(S,Os(2E’)) >3. Qn tIte otIter Itand
by a) and tIte cehemelogy of 0 Vs(F) — Os(2F) —* Op(2P’) — O
wo obtain ‘¿0(3, Os(2E’)) =3. TItus ‘¿0(5, Os(2F)) = 3.
a
Corollar>’ 2.7. í) H’(S,Os(C)) = 0, u) H0(S,Os(E’ — O)) = 0,
fi’(S,Os(E’ — O)) = O ami iii) H’(S, Os(20)) = O.
Preel’. u). ny Serre duality and 2.6 (a) it follows i) wItile iii) is a
consoquenco of Serre duality and tIte socotid equality of ji).
U). By contradiction. II H0(S, Vs(F — O)) > O tIten there oxists
E’
0 Ej FI suchthat G-< E’o. WesetD=E’o—O. TItenbjr2.bj)
hayo 1=F
2=E’(O+D)>E’02.
u
We will use tIte noxt lernma te sItew that P’ E supp(O). TItis will
play a central rolo te sItow that 5 is birational te a quintic X CE IP3.
Lemma 2.8. Witit tite netation of 2.5, ‘¿0(S,Os(Ks + O)) = 4 an!
‘¿‘(5, Os(Ks + O)) =. O
Preet’. Wo consider tIte ceItomolegy of tIte adjunction sequenco for O:
0 Os(Ks) — Os(Ks+O) — — 0. By 2.5 jjj) it0(O,wc) = 1 atid
since pg(S) = 3, q(S) st O tIten ‘¿0(5, 0
5(Kg + O)) = 3 + 1 = 4 u
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A non intuitivo fact is tItat P’ E supp(O). TItis result will givo us tIte
strncture of tIte divisar O wItich will indicate Itew te prove tIte theerem.
We need sorne preliminaries. Lot i- : 5 -4 5 be tIte blowing up in tIte
point 1>’. Sunco P’ is tIte simple base point of ¡ E’ ¡ tIten r*(E’) = E’ + E
where E = r’(P’) and ¡ E” is a poncil without base peint. In
particular ¡ E” induces a relativol>’ minimal fibration f : 3’ — IP1 wíth
fiber E’. We tecali tItat tIte dualizing sheaf = Wg’ ® (f*Wpi)~l
of f is tIte lino bundle with associated divisor K
3’ + 2E”.
Lemma 2.9. ‘¿0 (S,Os(Ks+2E’)) = 10.
Proal’. Obviously ¡ K3 + 2E’ ¡ deos net hayo a fixed part. We need
te show that 1” is not a baso point of ¡ A?s + 2E’ j. It is sufficient te
pravo that P’ is net a base point of ¡
1<s + E’ j. If P’ were a base point
of ¡ Kg + E’ ¡, sinco P’ 15 a base peint of ¡ E’ fi and q(S) = 0, it would
alse be a base peint of ¡ Kg + E’ ¡1F¡ Kp ¡ fer a general E’, wIticIt is
a contradiction. TIten 1” is not a baso peint of neitItor ¡ K
3 + E’ ¡ nor
Kg + 2E’ fi. We netice new tItat r*(Ks + 2E’) = r*(Ks) + 2E” + 2£’
K~’ + 2F’ + E’. TIten by tIte coItomolegy of
0—0s’(Ks’+2E’V.03’(Kg’+2E’ +E’)O~’ —0
seo that ‘¿0(5’ Og’(Kg’ + 2E” + E’)) st 1 + ‘¿0(5’, C)~}K~’ + 2<)).
TItus we need te shew oní>’ that h0(5’,wg¿1~,i) = 9. TIte proef of tItis
fact is a standard application of tIte relative duality atid of tIte Lora>’
spoctral sequonce for tIte morphism f : 5 -4 IP’.
~>‘ 16][Prep.2.7] wo lcnow that f*w.s~ir is a locail>’ freo sheaf of
ranlc 3 and It>’ j6]fPrep.1.2] over>’ invertible shoaf £ which is a heme-
morphic imago of f*w~’¡~í is of dogree = O. It is well lcnown tItat
ever>’ lecail>’ free sheaf en IP
1 is docomposable. Fram those facts wo
seo tItat ftwg’j,n = Opi(aí) ® Opi(a~¿) ~ Opa(aa) wItero O < a~ =
a
2 ~ 03. TIten ‘¿‘(IP’,ftw~’1~1) = O and by tIte Lera>’ spoctral se-
quence ití(S’,ws~tpi) = ‘¿
0(IP’,R’f~ca~’
1~1). From tIte rolative.du-
ality it follows iminediatel>’ ‘¿0 (IP’, R’f~ca~’1~ ) — ‘¿O(IP
1,f*Vgt) =
h0(F1,Opt) = 1. Thus ‘¿‘(S’,ca
8’1~1) = 1. From Seno du-
ality it2(S’,wg~ ~ = ‘¿0(S’,O~’(—2E”)) = O then It>’ Riernaixn-RocIt
tIteoremwoobtain’¿
0(S’,ws’
1r1) = 9. u
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Cerellar>’ 2.10. ‘¿0(S,Os(3E’ +0)) 10
Preel’. Obvious sunco Kg + 2E’ 3F + O.
u
New we will compare tIte canonical linear system KF of a general
E’ and tIte induced linear system (A?s + O)¡~. TIten wo will shew that
E supp(O). We prove flrst that ¡ 3E’ ¡# 3 ¡ E’
Remark 2.11. it0(S,Os(3E’)) = 5.
Praef. Wo wull use tIte following Ojalrn: ‘¿0(0, Oc(3E’ + O)) = 5. In
fact b>’ 2.5 jjj) wo seo that O is 1-connoctod atid dogwg = 0. Moreover
b>’ 2.5 j) degOc(3E’ + O) = 5 and degOG(—2E’ + O) < 0. ~>‘ Sorro
duality we hayo ‘¿‘(O, Oo(3F +O)) — ‘¿0(0, Oa(Ks + O — (3E’ + O)) =
‘¿0(0, Oa(—2F +O)) = O. Hence b>’ Riemann-RocIt theorern for curves
‘¿0(0, Oa(3E’ +O)) = 5 and tItis preves tIte Clalin.
We sItow new that ‘¿0(5, Os(3E’)) = 5 Sunco E’ Itas gonus 3 then
1 < h0(E’,OF(3P’)) =2. New tIte cohornelog>’ of 0 ~ Os(2F)
Os(3E’) — VF(3P’) — O and 2.6 b) show that ‘¿<‘(S,Os(3E’)) < 5.
Qn tIte other hand tIte coItomology of 0 —* Os(3E’) —4 Os(3F + 0) —
Oo(3F + 0) — 0, 2.10 atid tIte claim impí>’ ‘¿0(5, Og(3E’)) =5.
u
It is useful te remarlc tItis easy consequonce of 2.11.
Corollar>’ 2.12. Let E’ be a general olernent of j E’ j titen titor-e exista a
peint Pp c E’ sucit titat Pp + 3k Kp.
Proal’. 13>’ 2.11 and tIte flrst oxact sequenco un tIte proef of 2.11 we
seo tItat it0(E’,Op(3P’)) = 2 tIten we hayo ‘¿1 (E’,Op(3P’)) st
‘¿0(E’,OF(KF — 31”)) = 1. In other words tItere oxists Pp E E’ wIticIt
satisfies tIte statomont.
u
New we can prox’e
Lemma 2.13. 1” 6 supp(C)
Proal’. Lot E’ be a general elernent of E’ ¡ atid we set (Ks+O)¡p = DF.
Sunco Ks + O E’ + 20 tIten Dp 1’ + ~ Qn tIte ether Itatid
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(Kg + E’»’ = O~r+ 2k KF. Wo new consider E’ as a smooth quartic
in IP2. TIten ¡ Kp j is tIte linear system inducod en E’ b>’ tIte linos of
IP2. By 2.12 we Itave 31” -< Kp, tIten tIte tangent 1 at P’ of E’ Itas
centact erder 3 in 1” tItat is = 31” + 1’F. Sunco 1<F (2E’ + O)F =
21” + 0v~’ = = 31” +Pp tIten 1’ -< 0i~~ un particular 1” E supp(G).
u
Wc remarlc tIte fellowing oasy consequence of 2.12 atid 2.13:
Remark 2.14. Lot E’ be a general olemont of ¡ E’ ¡ and Pp as in 2.12.
TIten 1’F +1’ = Oip.
Wo new malce clear tIte structure• of tIte efliptic c>’cle O. For tIte reader’s
beneflt we include in tIte next propositian sorne rosults whicIt WC hayo
just preved. In this way we can collect all tIte rosults wo will use te sliew
onr theorom.
Propasition 2.15. (The structure of O). Lot 5 be a minimal aurface
over CJ mitit K3 = 4, y,
9 = 3 an! o! = 3. Titen tite canonical ayatern la
wititout fixed par-t, it itas only a simple base peint 1’ ano! ¿itere existe a
2-dimensional aublinear aystem A sucit titat tite divisora 1< of A ‘¿ave tite
follewing form:
K~O+E’
mitere O and E’ are reapectively tite ~ed part and tite rnabile parÉ of A.
Tite linear aystorn E’. ¡ is a poncil of non-ityporelliptic curves of gemía
3 mitit a simple base point 1” ~4 1’. Tite divisor O is a 1-connected
reducible divisor art!
0=
0o +
mitere pa(OO) = 1, P,P e supp(Oo), titere exista art E’
0 ej E’ j sucit
titat Oo -< E’o ano! 01 la a citain of —2-rational curvos. Tite folloming
numerical identities ‘¿oId: (?g — —1,O~ = —2, 0o0i = 1, FO0 =
FOí = 1. Moreover- tite rnap
4.IKs.~oI : 8 —. IP3 induces a birational
rnorpitism en tite image 4.¡K~.w
0!(S) = X art! x la a quintic.
Proof. Wo hayo sbown tIte flrst part of tIte proposition lix 2.1 and un
2.5. It rÉrnains te stud>’ O. Xix our discussion we will distingni~It twe
cases: (i) O is irreducible and (u) ~ is reducible. Wc want te excludo
tIte case (i). If O is irreducible tIten, b>’ 2.5 jjj) it 15 afro reduced. Prom
2.7 u) wo seo that O is net contained in an>’ elemont E’ E¡ E’ and by 2.5
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j) we know that 1’ E O. We considor tIte sequence: O —* Os(E’ — 0) —
Os(E’) —. 00(F) — 0. ~>‘ 2.7 ji WC ebtain that tIte rostriction map
¡¡0(5, Os(E’)) — H
0(O, Oo(F)) is an isemorphism. TIten by 2.6 (a) and
1»’ 2.13 tIto poncil E’ ¡ cuts en O acomplote linear s>’stem of degree twe
with ene base point 1”. We shaw new tItat P’ is a smeeth peint of O.
Otherwise lot ir : X -~ 5 be tIte blowing up of 1”, D = irt(F) — E and
O = irt(G)—2EwItereE = ic’(P’). WeremarkthatsinceE’O = 2 tIten
1” Itas multiplicity 2 en O. Since DO = O tIten thero exists Do E¡ D
sucIt tItat O ..< D. In particular ir~Do = E’
0 is an element of ¡ E’ ¡ sucIt
tItatO-<E’o. Butl=E’
2—E’E’o=E’(O+(F—O))>E’02:a
contradiction. TIte same argmnent shews tItat E’
10 = Pp + P’ wItere
Pp ~ 1” for tIte generic E’. ~>‘ ¡ Pp ¡ wo can censtruct a birational
rnorpbism 0 -4 IP’. TIten 2.5 jjj) shews that O is a ratienal curve
witIt a singular point Q of multiplicity 2. Xxi particular Q ~ p’ and tIten
Q # P~r for ever>’ E’ El E’ 1; but this 15 impessible.
Ii). O ja reducible
We flrst sbow tIte fellowing
Claim. ¡ Ks+O JItas a flxedpart.
By contradiction we suppose tItat 1 A?s + 0 1 is without a fixed compo-
nent. From this assumption it follows that it is alse without base points.
Xn fact by 2.5 j), jjj) we seo that (A?s + 0)0 = O. Qn tIte other Itand
b>’ 2.8 ‘¿0(S,Os(Ks + O)) = 4 and sinco p9(S) = 3 tIten tItere oxists
H E¡ Kg + 0 1 such that JI n aupy,(O) = 0. TIten ¡ Ks + 0 1 15 witIteut
base points.
Consider new O — Vs(
2O) Og(Ks + O) -~ OF(KS +0) 0.
13>’ 2.7 iii) we seo that H0(S, Os(Ks + O)) -~ H0(E’, OF(KS + O)) is
surjectivo. Qn tIte otIter Itand b>’ 2.13 and 2.14 wo hayo Kac’ -~ (A?s+O)p.
Wo recail that ¡ A?p ¡isa g~, wbilo ¡ A?g+O)p’ ¡ isa g¡ TIten Vs(Ks+O)
induces a completo linear s>’stem en E witIt a base point. TItis is truo
for tIte general E’, Itenco ¡ Kg + O ¡ Itas a fixed part. TItis preves tIte
claim.
Lot Clí be tIte fixed cornponent. Sunco j Ks ¡ Itas ení>’ a base peint
tIten O, -< O. We can split O = Oí + (O — Oi) and we denote 0o
O — Oi. We shew new tliat ¡ Kg + 0o ¡ is witliout base points. It is
obvious that FOo =O and O < KsOo < 1. Moreever since 0 15 1-
connected tIten OiGo> 1. TItus by 0= A?sOo = FOo + OS + OiOo =1
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wo obtain og < O. In fact if O~ O tIten O~Oo = 1 and KgOo = 1. lxi
particular Oo remaitis 1-connected but by adjunction wo obtain O~ $ 0.
E>’ dofinition ¡ Kg + Go 1 deos not hayo aix>’ fixed cornponont tIten
1<s0o > —og> 0. It is new Cas>’ te pravo that KsOo = 1, Og=—1
KsOí = O and (Kg + Oo)Oo = O. Xix particular by 2.5 j) it follows
that 1’ c aupp(Oo) sinco 1<g0í = 0. Moreovor KsOí = O implios that
aupp(Gi) is an unien of —2-rational curvos.
TIte samo argument usod un tIte proof of tIte last claini shows that
thoro exists H E¡ Ks+Oo sucIt that Hflaupp(Oo) = 0. TIten ¡ Ks+Oo ¡
dees net Itave aix>’ base point. Iii fact if Pí is a base point tIten P
1 E ¡1
and P1 4 supp(Oo). TIten Pi E supp(A?g) for oacIt Kg Ej Kg j; tItat
is ~‘1 = P, thus ¡‘í E supp(Oo); a contradiction. Wo Itave sItown that
4.IKs-4-OoI isa morpItism. Wo set n = dog4.
1K5~fl0¡ and X = =b¡K5+ooj(S).
Notico that since (Kg + Oo)2 — 5 we Itavo 5 = ndog(X) tIten n = 5
and deg(X) = 1 or u = 1 and deg(X) = 5. TIte flrst case is clearí>’
irnpossible sinco is induced by a complete linear system of
dimonsien 4. TItus X is a quintic un IP
3 biratianal te 5. We give new
tIte desirod docempositien of O. Sunco O~ = —1 and Kg E’ + Oo+ 01,
by KsOo = 1 and KsOi st O we ebtain:
{ FGo+CiGo=2 _
13>’ tIte first equation WC obtain O < FO
0 =1. We exclude tIte
case E’00 = O. In fact uf FC0 = O thon (Kg + Oo)IF = ~ In
particular #1K5+001(E’) is a lino and tIte image X = 4.1K5±ooI(S)Itas a
eno pararnotor famil>’ of rational curvos. A centradiction sunco s is of
general typo atid X is birational te 5.
IfE’00 = 1 tIten FOí = 1 sincoFO = 2 and O = Gí+Go. Mereover
by tIte flrst oquation wo hayo OíOo = 1 and by tIte secend equation
= —2. We hayo sItown aboyo that 1’ E
0o• We próve new tItat
P E G
0. Lot E’ be a general elomont of ¡ E’ ¡. Sinco FO0 = 1 it
is sufflcient te show that (Oo»’ = 1”. ~>‘ contradictien we supposo
that (Oo)F Q~ # 1”. TItus (Kg + Co»’ = (Ks)r + QF axid sunco
(Kg + E’)F = (KS)F + 1” tIten ‘¿
0(F, Vr(Kg + Go)) = 2 etIterwise
1 = ‘¿‘(E’, VF(KS + Go)) — ‘¿0(E’,Op(P’ — QF)) that is CJF = P’. Qn
tIte other band by 2.8 atid by tIte 0-coItemolo~’ of
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O~.Os(O+Oo)~Os(Ks+GohOr(Kg+OoVO
it fellews tItat ‘¿0(5, Os(O + Oc)) =2: a contradiction. Incidentalí>’
Itavo preved that (Oo)p = P’ and this implies (Kg + Oo)r = A?p. Te
flnish tIte preef of tIte prepesitien wo will show that ‘¿<Ns, Os(F—Go)) =
1. By Serro duality tItis is equivalont te preve tItat ‘¿2(5, Os(G +Go)) =
1. TItis will follow by tIte cohomolegy of tIte aboye exact sequence. In
fact b>’ 2.8 it’ (S,Os(A?g+Oo)) = O and it2(S,Vs(Ks+Go)) 0. TIten
H1(F, OF(Ks + Go)) -~ H2(S, Os(O + Oc)) is surjective. Qn tIte ether
hand (Kg + Go»’ = 1<F• lix particular ‘¿‘(E’, Op(Ks + Go)) = 1
u
Proal’ of the main theorem
We need te shew uní>’ that tIte quintic X obtained in tIte preof of
2.15 belongs te A. Lot 5 CE H0(S,Os(5(Ks + Oc))) be tIte sublin-
oar systorn given by tIte soctiotis which vanisIt en 0o with order six,
that is 5 ¡¡0 (S,Os(5Ks — Oc)). Sunco Kg 00 + O~ + E’ tIten
5Kg—Go E 4Ks+E’+Oí. Wewant te compute tIte dimonsien of 5. TIte
coItomelogyofO— Os(4Ks+E’) —+ Vs(4Ks+E’+Oí) — Ooi(—1) — O
yiolds ‘¿0(s, Os(5Ks — Go)) — ‘¿0(3, Os(4Ks + E’)). TIte Rarnanujam
vanishing theorom givos ‘¿‘(5, Os(4Ks)) = O. Thus tIte cohomelogy of
0 Os(4Ks) — Os(4K
3 + E’) — OF(4KS + F) — O and tIte tIte-
orom of Riemann-RocIt impí>’ tItat ‘¿
0(S,Os(4Ks + E’)) = 39; that is
dimcB = 39. We study new 4.~x~±a
0~• 8>’ tIte proef of 2.15 we seo
that tItoro exist g¿ E H
0(S,Os(Oí)) with 1 = 0,1 such that 9091 = y E
ff0(S, Os(O)) and a basis <to, 4> of H0(S,Os(F)) sucIt tItat 90 It
0.
TItus by 2.5 we hayo tIte following basis of H
0(S, Os(Ks)): <teg, tíg, Z2>
whore div(z
2) 15 irreducible reduced and 1” 4 div(z2). In tIte proof of
2.15 we hayo censtructed aix effective divisor II Ks + Oo such that
supp(H)flsupp(Oo) = ~. TItus by tIte inclusion ®go: ¡i0(S, Os(Ks))
~ Os(Ks + Go)) we seo that there exists y E H
0(S,Os(Ks + Oc))
sucIt tItat go does not divido y and <t
0ggo, 4ggo, z290, y> is a basis. We
set 4.~K5+c0¡ = 4,. We can chose a system (xo, x~, X~, frs) of coerdinates
en IP
3 sucIt tItat 4,*xo = togog, 4,*a’ = tígog, 4’tx2 = goz~ atid 4,*a’~ = y.
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Lot a~ tIte cardinality of A8. It is obvieus that a~ + a~ + a1 + ajj =
1 + 6 + 13 + 20 = 40. Qn tIte otItor Itand if a” E HNIP
3,O~s(5))
as un tIte statement of tIte tIteerem tIten ordo
0(div(4’*a’I)) =6 sunco
erd00 (div(4,*a’4) = 3— 1,1 = 0, 1,2,3. TIte forty soctions 45*¿ are in 5
for 1 e A8, s = 0, 1,2,3. TIten there oxists a non trivial relation en 5:
£=o YUCA. ap/da’
1 = 0. It is new ebvious that tItis relatien givos tIte
equation of X and tIten X E A. TItis preves tIte main theorom.
We conclude eur paper with tIte feilowing easy consequenco of tIte
theorem:
Carollar>’ 2.16. Lot 4~ be tite lecus of sur-faces witit 1<2 4 p~ = 3
an! canonical rnap of degreo titree. Titen 4~ la irreducible, unirational
and It itas dirnonsien 29.
Proal’. E>’ tIte main theorem tItere exists an opon set A’ in tIte linear
system A and a rational dominant map ir : .4’ —* 4,~. II 5 E
tIten it 15 easy to seo that r1(5) is tIte erbit b>’ tIte action en A’ of tIte
subgroup O of IPGL(5, C) givon It>’ tIte transformations of tIte fellowing
ferm: a’o 1—4 aoa’o, xí ‘— aía’o + b
1x1, a’2 ‘— a2x0 + b2xí + C2X2 and
st a3xo + b3a’1 + C3X2 + o!3x3, where aj, b~, c~, o!3 E C, i = 0,1,2,3,
j = 1,2,3, lv = 2,3. Sinco dim(O) = 9 and tIte projoctive dimensien of
Ais38tItondumx3% =29.
u
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